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2.  

2.1

, 

.  

- M

α , β , γ . , 

, 

x , y , z

),,( zyxαα = ,  ),,( zyxββ =  , ),,( zyxγγ = .              (2.1.1)

M , 

α , β , γ , :

),,( γβαxx = , ),,( γβαyy = , ),,( γβαzz =                (2.1.2)

x , y , z – α , β , γ , 

. 

:
22

3
22

2
22

1
2 γβα dHdHdHds ++=                 (2.1.3)

1H , 2H , 3H α , β , 

γ . . 

:

222

2
3

222

2
2

222
2

1

∂
∂+

∂
∂+

∂
∂=

∂
∂+

∂
∂+

∂
∂=

∂
∂+

∂
∂+

∂
∂=

γγγ

βββ

ααα

zyx
H

zyx
H

zyx
H

                 (2.1.4)

),,( γβααu , ),,( γβαβu , ),,( γβαγu , 
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α , β , γ . 

αe , βe , γe , αβe , αγe , βγe . 

. 

, 

. 

, , 

:

∂
∂+

∂
∂=

∂
∂+

∂
∂=

∂
∂+

∂
∂=

∂
∂

+
∂
∂

+
∂
∂

=

∂
∂

+
∂

∂
+

∂
∂

=

∂
∂

+
∂
∂

+
∂
∂

=

γββγ

αγαγ

βααβ

βα
γ

γ

αγ
β

β

γβ
α

α

βγ

γα

αβ

βαγ

αγβ

γβα

u
HH

H
u

HH

H
e

u
HH

H
u

HH

H
e

u
HH

H
u

HH

H
e

u
H

HH
u

H

HH

u

H
e

u
H

HH
u

H

HH

u

H
e

u
H

HH
u

H

HH

u

H
e

32

3

23

2

13

1

31

3

21

2

12

1

3

23

3

133

2

21

2

322

1

31

1

211

11

11

11

111

111

111

              (2.1.5)

ασ , βσ , γσ , αβτ , βατ , αγτ , γατ , βγτ , γβτ . ασ , βσ , γσ -

, , 

α , β , γ . 

, . 

, βααβ ττ = , γααγ ττ = , γββγ ττ = . 

:
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;0

)()()(

;0

)()()(

;0

)()()(

321
3

1

3
2

2
1

1
2313221

321
2

3

2
1

1
3

3
1322131

321
1

2

1
3

3
2

2
3213132

=+
∂

∂

+
∂

∂
+

∂
∂−

∂
∂−

∂
∂+

∂
∂+

∂
∂

=+
∂

∂

+
∂

∂+
∂
∂−

∂
∂

−
∂
∂+

∂
∂+

∂
∂

=+
∂

∂

+
∂
∂

+
∂
∂

−
∂

∂
−

∂
∂+

∂
∂+

∂
∂

HHHF
H

H

H
H

H
H

H
HHHHHHH

HHHF
H

H

H
H

H
H

H
HHHHHHH

HHHF
H

H

H
H

H
H

H
HHHHHHH

γβγ

αγβαβγαγγ

βαβ

βγαγαββγβ

ααγ

αβγβαγαβα

β
τ

α
τ

γ
σ

γ
στ

β
τ

α
σ

γ

α
τ

γ
τ

β
σ

β
στ

α
τ

γ
σ

β

γ
τ

β
τ

α
σ

α
στ

γ
τ

β
σ

α

   

(2.1.6)

αF , βF , γF –

α , β , γ . 

  const=γ , 13

, :

αβγβααβ

αγβγαγ

αγβγβγ

αβγβαγ

αβγβαβ

αβγβαα

τασασασα
τατα
τατα

τασασασα
τασασασα

τασασασα

66362616

5545

4544

36332313

26232212

16131211

+++=

+=

+=

+++=

+++=

+++=

e

e

e

e

e

e

            (2.1.7)

ijα :

11

1

Eα

α = ,  12 E E
βα αβ

α β

ν ν
α = − = − ,  13 E E

αγ γα

γ α

ν ν
α = − = − ,  

, ,
14 E G

αβ α α αβ

α αβ

η η
α = − = − , 22

1

Eβ

α = ,  23 E E
γβ βγ

β γ

ν ν
α = − = − ,               (2.1.8)

, ,
24 E G

αβ β β αβ

β αβ

η η
α = − = − , 33

1

Eγ

α = ,  , ,
34 E G

αβ γ γ αβ

γ αβ

η η
α = − = − ,        

44

1

Gαβ

α = , 55

1

Gβγ

α = , , ,
56 G G

γα βγ βγ γα

βγ αγ

μ μ
α = − = − , 66

1

Gαγ

α = . 

:
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Eα , Eβ , Eγ   – α , β , γ ;

, ,G G Gβγ αγ αβ   –  , 

constα = , constβ = , constγ = ;  βαν , αβν , αγν , γαν , βγν , γβν   –

, 

;  ,γα βγμ ,  ,βγ γαμ –  , 

, , 

, , 

;  ,αβ αη , ,αβ βη , ,αβ γη   –

, , 

;   ,α αβη , ,β αβη , ,γ αβη   –  

, , 

. 

2.2     , 

, -

. 

:

0

0

0

=+
∂

∂+
∂

∂
+

∂
∂

=+
∂

∂
+

∂
∂

+
∂

∂

=+
∂

∂+
∂

∂
+

∂
∂

Z
zyx

Y
zyx

X
zyx

zzyzxz

zyyyxy

zxyxxx

σσσ

σσσ

σσσ

                 (2.2.1)

ijσ :

;;; yzzyzxxzyxxy σσσσσσ ===          

:  

x

u
x ∂

∂=ε ,   y

v
y ∂

∂=ε ,   
z

w
z ∂

∂=ε ,   x

v

y

u
xy ∂

∂+
∂
∂=ε ,  y

w

z

v
yz ∂

∂+
∂
∂=ε ,   

z

u

x

w
zx ∂

∂+
∂
∂=ε        (2.2.2)

, :
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G

G

G

E

E

E

zx
zx

yz
yz

xy
xy

zzyyxxz

zzyyxxy

zzyyxxx

σε

σ
ε

σ
ε

σνσνσε

νσσνσε

νσνσσε

=

=

=

+−−=

−+−=

−−=

)(
1

)(
1

)(
1

                    (2.2.3)

:

2

2

2
, 2

1 2 (1 2 )(1 )

xx x

yy y
x y z

zz z

yz yz

xz xz

xy xy

G

G

G
G E

G

G

G

σ ε λ
σ ε λ

ε ε εσ ε λ
ν νσ ε λ

ν ν ν
σ ε
σ ε

= + Θ
= + Θ

Θ = + += + Θ
= = = −

− − +
=
=

           
(2.2.4)

:

11 12 13

12 22 23

13 23 33

44

55

66

x xx yy zz

y xx yy zz

z xx yy zz

yz yz

xz xz

xy xy

ε α σ α σ α σ
ε α σ α σ α σ
ε α σ α σ α σ

ε α σ
ε α σ
ε α σ

= + +
= + +
= + +

=
=
=

              (2.2.5)

=

66

55

44

332313

232212

131211

00000

00000

00000

000

000

000

α
α

α
ααα
ααα
ααα

C   

. :

11 22 33
1 1 1

; ; ;
x y zE E E

α α α= = =
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12 13 23; ; ;yx xy zy yzxz zx

x y z x y zE E E E E E

ν ν ν νν να α α= − = − = − = − = − = −                               (2.2.6)

44 55 66
1 1 1

; ; ;
yz xz xyG G G

α α α= = =

, ,x y zE E E - , ,x y z . 

, ,yz xz xyG G G - ,          

0, 0, 0x y z= = = . 

, , , , ,yx xy xz zx zy yzν ν ν ν ν ν - , 

;

, – . 

(2.2.5)

. 

. 

:

11 12 13

12 22 23

13 23 33

44

55

66

xx x y z

yy x y z

zz x y z

yz yz

xz xz

xy xy

σ λ ε λ ε λ ε
σ λ ε λ ε λ ε
σ λ ε λ ε λ ε

σ λ ε
σ λ ε
σ λ ε

= + +
= + +
= + +

=
=
=

                  
(2.2.7)

=Λ

66

55

44

332313

232212

131211

00000

00000

00000

000

000

000

λ
λ

λ
λλλ
λλλ
λλλ

  .  

:
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2 2 2
22 33 23 11 33 13 11 22 12

11 22 33

13 23 12 33 12 23 13 22 12 13 11 23
12 13 23

44 55 66
44 55 66

2
11 22 33 23 12 12 33 13 23 13 12 23 13 22

1 1 1

( ) ( ) ( )

α α α α α α α α αλ λ λ

α α α α α α α α α α α αλ λ λ

λ λ λ
α α α

α α α α α α α α α α α α α α

− − −= = =
Δ Δ Δ

− − −
= = =

Δ Δ Δ

= = =

Δ = − − − + −

           
(2.2.8)

:

+++++=
+++++=
+++++=
+++++=
+++++=
+++++=

xzyzxyzzyyxxxz

xzyzxyzzyyxxyz

xzyzxyzzyyxxxy

xzyzxyzzyyxxz

xzyzxyzzyyxxy

xzyzxyzzyyxxx

σασασασασασαε
σασασασασασαε
σασασασασασαε
σασασασασασαε
σασασασασασαε
σασασασασασαε

665646362616

565545352515

464544342414

363534332313

262524232212

161514131211

           (2.2.9)

, (2.2.9)

. , 

, 

constz = .  

,  

:

+=
+=

+++=
+++=
+++=
+++=

xzyzxz

xzyzyz

xyzzyyxxxy

xyzzyyxxz

xyzzyyxxy

xyzzyyxxx

σασαε
σασαε

σασασασαε
σασασασαε
σασασασαε
σασασασαε

6656

5655

44342414

34332313

24232212

14131211

                     (2.2.10)

ijα :

xE

1
11 =α ,  

y

xy

x

yx

EE

νν
α −=−=12 ,  

x

zx

z

xz

EE

ννα −=−=13 ,  

xy

xyx

x

xxy

GE
,,

14

ηη
α −=−= , 

yE

1
22 =α ,  

z

yz

y

zy

EE

νν
α −=−=23 ,             (2.2.11)

xy

xyy

y

yxy

GE
,,

24

ηη
α −=−= , 

zE

1
33 =α ,  

xy

xyz

z

zxy

GE
,,

34

ηη
α −=−= ,        

xyG

1
44 =α , 

yzG

1
55 =α , 

xz

zxyz

yz

yzzx

GG
,,

56

μμ
α −=−= , 

xzG

1
66 =α . 

:
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xE , yE , zE   – x , y , z ;

xyxzyz GGG ,,   –  , 

constx = , consty = , constz = ;  yxν , yxν , yxν , yxν , yxν , yxν   –

, 

;  yzzx ,μ ,  zxyz ,μ –  , 

, , 

, , 

;  xxy ,η , yxy ,η , zxy ,η   –

, , 

;   xyx ,η , xyy ,η , xyz ,η   –  

, , 

. 

2.3

, ,u v w . 

(2.2.5), (2.2.1), (2.2.2), 

:

(2.2.2):  
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2 2

2

2 2

552

2 2

552

2 2

55 11 12 132

2

55 11 12 132

( )

( ) (

zx

zx

zx

yxxx

xy
x y z

u w

z x

u w

z z x z

u w

z z x z

u w
X

z x y x z

u w
X

z x y x z

u u v w
X

z x x y z y

ε

ε

σα

σσα

σ
α λ ε λ ε λ ε

α λ λ λ

∂ ∂= −
∂ ∂

∂∂ ∂= −
∂ ∂ ∂ ∂

∂∂ ∂= −
∂ ∂ ∂ ∂

∂∂∂ ∂= − − − −
∂ ∂ ∂ ∂ ∂

∂∂ ∂ ∂= − − + + − −
∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂= − − + + −
∂ ∂ ∂ ∂ ∂ ∂

2

66

2 2 2 2 2

55 11 55 12 55 66 55 13 55 66 552 2 2

)

( ) (1 )

xy

w

x z

u u w u
X

z x y x z x y

λ ε

να λ α λ α λ α λ α λ α

∂−
∂ ∂

∂ ∂ ∂ ∂ ∂= − − + − + − −
∂ ∂ ∂ ∂ ∂ ∂ ∂

          (2.3.1)  

:

2 2 2 2 2

44 66 44 12 44 66 44 23 44 22 442 2 2
( ) (1 )

v u u w v
Y

z x y x z y y
α λ α λ α λ α λ α λ α∂ ∂ ∂ ∂ ∂= − − + − + − −

∂ ∂ ∂ ∂ ∂ ∂ ∂
           (2.3.2)

, 2

2

z

w

∂
∂

:

(2.2.1) :

55 44 13 23 33

2 2 2 2 2 2 2

55 44 13 23 332 2 2

2 2 2 2
55 13 44 23

2 2
33 33

0

( ) 0

( ) ( ) 0

( ) ( )

yzxz zz

yzxz
x y z

Z
x y z

Z
x y z

w u v w u v w
Z

x z x z y y x z y z z

w u v w

z x z z y x

σσ σ

εελ λ λ ε λ ε λ ε

λ λ λ λ λ

λ λ λ λ
λ λ

∂∂ ∂+ + + =
∂ ∂ ∂

∂∂ ∂+ + + + + =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + + + + + =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

+ +∂ ∂ ∂ ∂= − + − +
∂ ∂ ∂ ∂ ∂ ∂

2
55 44

2
33 33 33

( ) ( )
w Z

y

λ λ
λ λ λ

∂− + − −
∂

          (2.3.3)

(2.3.1) – (2.3.3)

  , 

-

:
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22 2 2 2
22 33 23 55 13 23 12 33

55 552 2 2
66 66

2
12 23 13 22

55 55

22 2 2 2
11 33 13 13 23 12 3344

44 442 2 2
66 66

12 13 1
44

1
( )

(1 )

1
( )

(1

u u u v

z x y x y

w
X

x z

v v v u

z y x x y

α α α α α α α αα α
α α

α α α αα α

α α α α α α ααα α
α α

α α αα

− −∂ ∂ ∂ ∂= − − − + −
∂ Δ ∂ ∂ Δ ∂ ∂

− ∂− + −
Δ ∂ ∂

− −∂ ∂ ∂ ∂= − − − + −
∂ Δ ∂ ∂ Δ ∂ ∂

−
− +

2
1 23

44

2 2 2
55 12 23 13 22 55 44 12 13 11 23 44

2 2 2
55 11 22 12 44 11 22 12

2 2

2 2 2 2 2
55 11 22 12 44 11 22 12 11 22 12

)

( ) ( )

( ) ( )

w
Y

y z

w u v

z x z z y

w w Z

x y

α α

α α α α α α α α α α α α
α α α α α α α α

α α α α α α α α α α α

∂ −
Δ ∂ ∂

Δ + − Δ + −∂ ∂ ∂= − − −
∂ − ∂ ∂ − ∂ ∂

Δ ∂ Δ ∂ Δ ⋅− − −
− ∂ − ∂ −

       (2.3.4)          

  
ijα (2.2.6).

2.4

(2.2.10),(2.2.1),(2.2.2)

, -

:

2 2 2 2 2 2 2 2

1 2 3 4 5 6 72 2 2 2 2

u u u u v v v w
a a a a a a a

z x x y y x x y y z y

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= + + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂                                        

2

8

w
a

z x

∂+
∂ ∂ 9 10a X a Y+ +

2 2 2 2 2 2 2 2

1 2 3 4 5 6 72 2 2 2 2

v u u u v v v w
b b b b b b b

z x x y y x x y y z y

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= + + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂                       (2.4.1)

           

2

8 9 10

w
b b X b Y

z x

∂+ + +
∂ ∂
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2 2 2 2 2 2 2 2

1 2 3 4 5 6 7 82 2 2

w u u v v w w w
c c c c c c c c Z

z x z y z x z y z x y x y

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= + + + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

, ,i i ia b c (2.4.1)

(2.2.11). 

α OZ . 

ija '
ija

:

' 4 2 2 4 2 2
11 11 12 22 66

' 4 4 2 2 2 2
22 11 22 66 12

'
33 33

' 2 2
44 44 55

' 2 2
55 44 55

' 2 2 2 2
66 11 22 12 66

cos 2cos sin sin sin cos

sin cos sin cos 2 sin cos

cos sin

sin cos

( 2 )4cos sin (cos sin

a a a a a

a a a a a

a a

a a a

a a a

a a a a a

α α α α α α
α α α α α α

α α
α α

α α α α

= + + +
= + + +
=
= +
= +
= + − + − 2

' 2 2 4 4
12 11 22 66 12

' 2 2
13 13 23

'
14

'
15

' 2 2 2 2
16 22 11 66 12

' 2 2
23 13 23

'
24

'
25

' 2 2
26 22 11

)

( )sin cos (sin cos )

cos sin

0

0

[2( sin cos ) ( 2 )(cos sin )]sin cos

sin cos

0

0

[2( cos sin )

a a a a a

a a a

a

a

a a a a a

a a a

a

a

a a a

α α α α
α α

α α α α α α
α α

α α

= + − + +
= +
=
=
= − + + −
= +
=
=
= − 2 2

66 12

'
34

'
35

'
36 23 13

'
45 44 55

'
46

'
56

( 2 )(cos sin )]sin cos

0

0

2( )sin cos

( )sin cos

0

0

a a

a

a

a a a

a a a

a

a

α α α α

α α
α α

− + −
=
=
= −
= −
=
=

       (2.4.2)
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, 

, 

:

13 23 33

55

44

( ) , 0,

( )

zzq

zxq

zyq

u v w

x y z

w u
q c

x z
w v

y z

β β β σ

λ σ

λ σ

∂ ∂ ∂+ + =
∂ ∂ ∂

∂ ∂+ = =
∂ ∂
∂ ∂+ =
∂ ∂

           (2.4.3)

ijβ :

z

w

y

v

x

u
zz ∂

∂+
∂
∂+

∂
∂= 332313 βββσ .             (2.4.4)
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3.    
-

3.1 -

[a, b] bxxxxa N =<<<<=Δ ...: 210 . 

Pm m, C(k)[a, b] –

k [a, b] . Sm,k(x)

m  k (k – ,  mk ≤≤1 )

Δ , :

],[)()

1,...,2,1,0],,[,)()

)(
,

1,

baCxS

NixxxPxSa

km
km

iimkm

−

+

∈

−=∈∈
                                         (3.1.1)

,   Sm,k(x)

m-k,    m-k+1 – [a, b]. 

, (3.1)

Sm,k( Δ ).  m  1 ( k = 1 )

Sm(x). 

Δ [a, b] bxxxxa N =<<<<=Δ ...: 210 . 

  Sm(x)

Δ , )(xf , :

NixfyxS

baCxS

NixxxPxSa

iiim

m
m

iimm

,...,1,0),()()

],[)()

1,...,2,1,0],,[,)()

)1(

1

===
∈

−=∈∈
−

+

                                             (3.1.2)

Δ , Δ -

.  , Δ   Δ

. 

  Sm(x) Sm( Δ ) N – 1 m – 1

N m, N(m +

1) – (N – 1)m =N +m  . 

S(x) m- N+m. 
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. 

B-

m- )()( xB i
m (i=-m, … ,N-1), S(x) m-

:

   
−

−=

=
1

)()(
N

mi

i
mim xBbxS ,              (3.1.3)

   
bi – , i – (

). B- :

  =
,0

,1
)(0 xBi

],[

];,[

1

1

+

+

∉
∈

ii

ii

xxx

xxx
)1,0( −= Ni .            (3.1.4)

B- m (m 1) ´. 

, :

´: x-m < … < x-1 < x0 < x1 … < xN < xN+1 < … < xN+m.           (3.1.5)

  xk+1-xk=h=const. 

B- m ´

:

  )()()( 1
1

11

1
1 xB

xx

xx
xB

xx

xx
xB i

m
imi

mii
m

imi

ii
m

+
−

+++

++
−

+ −
−

+
−

−
=             (3.1.6)

)1,0( −= Ni . 

, [ ] ( )1, 0, 1i ix x i N+ = −

:  

i
m

i
m

i
m

mi
m

iii

i

i

BBBB

BBB

BB

B

12

2
1

2
2

2

1
1

1

0

...

...............
−−−

−−

−

                  (3.1.7)

)(xBi
m )1,0( −= Ni :
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∞

∞−

++

++

=

∉
∈

≡

>

1)()

];,[

];,[

0)(

0)(
)

1

1

dxxB

xxx

xxx

xB

xB

i
m

mii

mii

i
m

i
m

                                                               (3.1.8)

B-

, (m+1)/2

. 

B– , xk+1-xk=h=const

)1,0( −= Nk :

            

−
+−

+++−
=

0

)1(

463

1333

0

6

1
)(

3

23

23

3

3

t

tt

ttt

t

xBi
  

xx

xxx

xxx

xxx

xxx

xx

i

ii

ii

ii

ii

i

<
≤≤
≤≤

≤≤
≤≤

<

+

++

+

−

−−

−

2

21

1

1

12

2

                   (3.1.9)

t=(x – xk)/h [xk,, xk+1], )1,2( +−= iik , )1,1( +−= Ni . 

, (3.9)            

+

−=

=
1

1
33 )()(

N

i

i
i xBbxS .                                            (3.1.10)

)(3 xBi
- , 

:

. 1. 
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. 2. 

, 

, , 

[ ]0 , Nx x . -

. 

:

=

≥=
N

j
jj NxxS

0
3 4)()( ψβ                                                                 (3.1.11)

jβ – , jψ – B-

. 

3.2   
-

, -

(2.4.1)

. 

, -

. 
4

  (2.4.1) (3.2.1):
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0 0

0 0

0 0

( , , ) ( ) ( ) ( )

( , , ) ( ) ( ) ( )

( , , ) ( ) ( ) ( )

M N
u u

ij i j
j i

M N
v v

ij i j
j i

M N
w w

ij i j
j i

u x y z u z x y

v x y z v z x y

w x y z w z x y

φ ψ

φ ψ

φ ψ

= =

= =

= =

=

=

=
             

(3.2.1)

)(),(),( zwzvzu ijijij , 

wvuaa
j

a
i ,,,, =ψϕ

3B

axxx N =<<<= ...0 10 byyy M =<<<= ...0 10

0=x , ax = , 0=y , by = . 

- x y

)1)(1(6 ++ MN

,0=z cz = , 

(2.4.3).  

. 

)(),( yx a
j

a
i ψϕ :  

=++=
++=

−==
++=
++=

+−

+−
−

−

−

wvuaBBB

BBB

NiB

BBB

BBB

NaNaNaa
N

NaNaNaa
N

ia
i

aaaa

aaaa

,,

2..2,

1
313312

1
311

1
323322

1
3211

3

1
323

0
322

1
3211

1
313

0
312

1
3110

ϕϕϕ

ϕϕϕ

ϕϕϕ

ϕϕϕ

βββϕ
βββϕ

ϕ
αααϕ
αααϕ

           (3.2.2)

=++=
++=

−==
++=
++=

+−

+−
−

−

−

wvuaBBB

BBB

MiB

BBB

BBB

MaMaMaa
M

MaMaMaa
M

ia
i

aaaa

aaaa

,,

2..2,

1
313312

1
311

1
323322

1
3211

3

1
323

0
322

1
3211

1
313

0
312

1
3110

ψψψ

ψψψ

ψψψ

ψψψ

βββψ
βββψ

ψ
αααψ
αααψ

           (3.2.3)

  
B , 

. 

3,2,1,2,1,,,, == jia
ij

a
ij

a
ij

a
ij

ψϕψϕ ββαα

,0=x ,ax = ,0=y by = . 
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(3.2.1) (2.4.1). 

),( pk ηξ : MpNk pk ..0,,..0, == ηξ . 

: ,12 += nN 12 += mM .    ],[ 122 +ii xx , 

],[ 122 +jj yy 2 , ],[ 2212 ++ ii xx , ],[ 2212 ++ jj yy

:

],[],,[ 122121222 +++ ∈∈ iiiiii xxxx ξξ  , ],[],,[ 122121222 +++ ∈∈ jjjjjj yyyy ηη . 

:  

xiixii hsxhsx 2212122 , +=+= +ξξ ,  yjjyjj hsyhsy 2212122 , +=+= +ηη , mjni ..0,..0 == , 

21 , ss   –  [ ]1,0 , 

6

3

2

1
,

6

3

2

1
21 +=−= ss . 

)(),( 33
yx hOhO .  

:
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2 2

12 2
0 0 0 0

2

1 2
0 0

1
0 0

1
0 0

2

( ) ( )
( ) ( ) ( ) ( )

( )
( ) ( )

( )( )
( )

( ) ( )
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uM N M N
ij u u ui k

i k j p ij j p
j i j i

uM N
j pu
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vvM N
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wM N
ij wi k
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u z
a u z

z x

b u z
y

c v z
x y

w z
d X

z x

v

α

φ ξφ ξ ψ η ψ η

ψ η
φ ξ

ψ ηφ ξ

φ ξ ψ η
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= =

= =

∂ ∂
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∂ ∂

∂
+ +

∂

∂∂+ +
∂ ∂

∂ ∂+ +
∂ ∂

∂ 2

22 2
0 0 0 0

2

2 2
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2
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2
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2

2
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( ) ( ) ( ) ( )
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( ) ( )
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vM N M N
v v vi k
i k j p ij j p

j i j i

vM N
j pv

ij i k
j i

uuM N
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wM N
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j i
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i

z
a v z

z x

b v z
y

c u z
x y

w z
d Y

z y

w z

z

α

φ ξφ ξ ψ η ψ η

ψ η
φ ξ

ψ ηφ ξ

ψ η
φ ξ

φ

= = = =

= =

= =

= =

∂= +
∂ ∂

∂
+

∂

∂∂
+

∂ ∂

∂ ∂
+

∂ ∂

∂
∂ 3

0 0 0 0

3
0 0

2

3 2
0 0

2

3 2
0 0

( ) ( )
( ) ( ) ( )

( ) ( )
( )

( )
( ) ( )

( )
( ) ( )

uM N M N
ijw w ui k

k j p j p
j i j i

vM N
ij j pv

i k
j i

wM N
wi k

ij j p
j i

wM N
j pw

ij i k
j i

u z
a

z x

v z
b

z y

c w z
x

d w z Z
y λ

φ ξξ ψ η ψ η

ψ η
φ ξ

φ ξ ψ η

ψ η
φ ξ

= = = =

= =

= =

= =

∂ ∂
= +

∂ ∂

∂ ∂
+ +

∂ ∂

∂
+ +

∂

∂
+ +

∂

                      

(3.2.4)

:  
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2
22 33 23 55

1 55 1
66

13 23 12 33 12 23 13 22
1 55 1 55

66

2
11 33 13 44

2 44 2
66

13 23 12 33 12 13 11 23
2 44 2 44

66

55 12 23 13 22 55
3

55

; ;

1
( ); (1 );

; ;

1
( ); (1 );

a b

c d

a b

c d

a

α α α αα
α

α α α α α α α αα α
α

α α α αα
α

α α α α α α α αα α
α

α α α α α α
α

−= − = −
Δ

− −= − + = − +
Δ Δ

−= − = −
Δ

− −= − + = − +
Δ Δ

Δ + −
= − 44 12 13 11 23 44

32 2
11 22 12 44 11 22 12

3 32 2
55 11 22 12 44 11 22 12

55 44 2
11 22 12

; ;
( ) ( )

; ;
( ) ( )

; ; ;

b

c d

Z
X X Y Y Zα α λ

α α α α α α
α α α α α α α

α α α α α α α α

α α
α α α

Δ + −
= −

− −
Δ Δ= − = −

− −

Δ ⋅= − = − = −
−

          (3.2.5)  

(3.2.4) - :

             (3.2.6)

:

;).......(;).......(;).......( TTT ZZZYYYXXX λλλαααααα ===

)1)(1(dim),1)(1(dim),1)(1(dim ++=++=++= MNZMNYMNX λαα . 

:  =

w

w

v

v

u

u

S

S

S

S

S

S

S

2

1

2

1

2

1

                (3.2.7)
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1)1)(1(6dim ×++= MNS . 

(3.2.6) - :

fSA
dz

Sd +⋅=                   (3.2.8)

:

ΟΟΟ
ΟΟΟΟΟ
ΟΟΟ

ΟΟΟΟΟ
ΟΟΟ

ΟΟΟΟΟ

=

5
6

4
6

2
6

6
4

3
4

1
4

6
2

3
2

1
2

AAA

E

AAA

E

AAA

E

A                (3.2.9)

Ο

Ο

Ο

=

λ

α

α

Z

Y

X

f                  (3.2.10)

)1)(1(6)1)(1(6dim ++×++= MNMNA ;

1)1)(1(6dim ×++= MNf ;

Ο – - ,  )1)(1()1)(1(dim ++×++=Ο MNMN ;

E – ,  )1)(1()1)(1(dim ++×++= MNMNE ;

6..1,6,4,2),1)(1()1)(1(dim ==++×++= jiMNMNA j
i

                   (3.2.11)

, - x y

, (2.4.1), 

, )1)(1(6 ++ MN

)()(

)()(

)()(

)()(

)()(

)()(

)()(

)()(

)()(

5343
1

1
5
6
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1

1
4
6
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1

1
2
6
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1
6
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1
3
4
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1
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AdAA

AcAA

AbAaAA

⋅+⋅⋅=
⋅⋅=
⋅⋅=
⋅⋅=

⋅+⋅⋅=
⋅⋅=
⋅⋅=
⋅⋅=

⋅+⋅⋅=

−

−

−
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(3.2.8)

,0=z cz = , :

: cq

qS

qS

qS

qS

qS

qS

qS

w

w

v

v

u

u

,0,

)(

)(

)(

)(

)(

)(

)(

2

1

2

1

2

1

== .             (3.2.12)

cqfqSB qq ,0,)( ==⋅              (3.2.13)

:  

)1)(1(3dim

)1)(1(6)1)(1(3dim

)1)(1(6)(dim

++=
++×++=

++=

MNf

MNMNB

MNqS

q

q

(3.2.7), (3.2.11), (3.2.12) j
iA

( )k
iS q (3.4.4), (3.4.9). 

    . 

3.3

, 

. , 

, 

, 

, –

, 

. 

, , 

:

btatfytA
dt

yd ≤≤+= ),()(                                                   (3.3.1)
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:

( )
( )

11

22

,B y a b

B y b b

=

=                                                                                    (3.3.2) ,(3.3.3)

  ( )1 2, ,...,
T

ny y y y= - - ; f - - , ( )A t -

n; 1 2,B B -

nk ×   nkn ×− )( )( nk < ; 1 2,b b - . 

, , 

( )y t :

               iiii gtyPty +=
−+

)()(                                               (3.3.4)

iP   – n; ig –  n- . 

, , 

(3.4.1). (3.4.2)  –  (3.4.3)

, 

, , - . , 

, 

, 

. :

, 

-

. , 

. 

, , 

. 

, 

, . 



48

, , 

. 

. (3.3.1) - (3.3.3) :

( ) ( ) ( )1
1

m

i i m
i

y t C y t y t+
=

= +                                                       (3.3.5)

min( , )m k n k= − ( m n k= − ). iy –

(3.3.1)   0f = , 

(3.3.2),( 3.3.3)

1 0b = ;  )(1 tym+ – (3.3.1)

, (3.3.2),(3.3.3); m

. 

. (3.3.2)

t a= :

11 1 12 2 1 1 1 1 1 1

21 1 22 2 2 2 1 1 2 2

1 1 2 2 1 1

... ...

... ...

...

... ...

k k k k n n

k k k k n n

k k kk k kk k kn n k

b y b y b y b y b y b

b y b y b y b y b y b

b y b y b y b y b y b

+ +

+ +

+ +

+ + + + + + =
+ + + + + + =

+ + + + + + =

                                 (3.3.6)

, k (3.3.6)

, . 

(3.3.6)

11 1 12 2 1 1 1 1 1 1

21 1 22 2 2 2 2 1 1 2

1 1 2 2 1 1

... ...

... ...

...

... ...

k k k k n n

k k k k n n

k k kk k k kk k kn n

b y b y b y b b y b y

b y b y b y b b y b y

b y b y b y b b y b y

+ +

+ +

+ +

+ + + = − − −
+ + + = − − −

+ + + = − − −

                                     (3.3.7)

1 2, ,...,k k ny y y+ +

1 2 ... 0kb b b= = = = , 

, 1..jy j m= ; 1 2 ... 0k k ny y y+ += = = =

1my + . 

-

. 

[ , ]a b ( ), 0..st s N= , 0 , Nt a t b= = .  
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( )0,iT i M= . 

. iT , - , 

, ( ) ( ), 1, 1r iu T r m= + . 

, iT (3.3.7), ( )r iu T
+

:

( ) ( )
( ) ( )1 1

, 1,r ri i i

m mi i i i

u T Pu T r m

u T Pu T g

+ −

+ −
+ +

= =

= +
,                                                               (3.3.8)

1 2, ,..., mu u u
− − −

– , 1mu
−

+   –  

. 

, iT :

( ) ( ) ( ) ( )1 2 1, ,..., ,i i m i m iu T u T u T u T
+ + + +

+                                                    (3.3.9)

),.....,2,1()( mjTu ij =
+

    iT

( ) ( ) ( )1 2, ,...,i i m iz T z T z T                                                                (3.3.10)
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2
1

)0(

0
6

1
1

6

4

2

1

6

1
1)0(

0
6
4

1
6
1

4)0(

0

1

0

1

0

≠⋅=

=

=⋅+⋅−−⋅=
∂

∂

≠=⋅+−⋅−=
∂

∂

=⋅+⋅−⋅=

=⋅+⋅−=

u

a

a

a

a

wva

hhx

hhx

ϕ

ϕ

ϕ

ϕ

ϕ

0
2
1

10
2
1

)
2
1

(1)0(

001)0(

01
6

1

6

4

2

1

6

1
1)0(

1

0

1

=⋅+⋅−−⋅=
∂

∂

=⋅=
∂

∂

=⋅+⋅−⋅=

hhx

x
u

u

u

ϕ

ϕ

ϕ

, (3.4.27), (3.4.28)

(3.4.26). 

0=x wvaaa ,,, 10 =ϕϕ

:

0
3

1
30 4 BBa +⋅−= −ϕ (3.4.29)

1
3

0
3

1
31 2

1
BBBa +−= −ϕ (3.4.30)

uu
10 , ϕϕ :

0
30 Bu =ϕ (3.4.31)

1
3

0
3

1
31 2

1
BBBu +−= −ϕ (3.4.32)

. 

•  .ax =

1. . 
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wvuaa
N

a
N ,,,,1 =− ϕϕ :

1
33

1
31 2

1 +−
− +−= NNNa

N BBBϕ (3.4.33)

1
33 4 +⋅−= NNa

N BBϕ (3.4.34)

2. . 

wvaa
N

a
N ,,,1 =− ϕϕ :

NNa
N BB 3

1
34 +⋅−= +ϕ (3.4.35)

1
33

1
31 2

1 +−
− +−= NNNa

N BBBϕ (3.4.36)

u
N

u
N 1, −ϕϕ :

Nu
N B3=ϕ (3.4.37)

1
33

1
31 2

1 +−
− +−= NNNu

N BBBϕ (3.4.38)

•  .0=y

1. . 

wvuaaa ,,,, 10 =ψψ :

1
3

0
3

1
31 2

1
BBBa +−= −ψ (3.4.39)

1
3

0
30 4 −⋅−= BBaψ (3.4.40)

2. . 

wuaaa ,,, 10 =ψψ :

0
3

1
30 4 BBa +⋅−= −ψ (3.4.41)
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1
3

0
3

1
31 2

1
BBBa +−= −ψ (3.4.42)

vv
10 , ψψ :

0
30 Bv =ψ (3.4.43)

1
3

0
3

1
31 2

1
BBBv +−= −ψ (3.4.44)

•  .by =

1. . 

wvuaa
M

a
M ,,,,1 =− ψψ :

1
33

1
31 2

1 +−
− +−= MMMa

M BBBψ (3.4.45)

1
33 4 +⋅−= MMa

M BBψ (3.4.46)

2. . 

wuaa
M

a
M ,,,1 =− ψψ :

MMa
M BB 3

1
34 +⋅−= +ψ (3.4.47)

1
33

1
31 2

1 +−
− +−= MMMa

M BBBψ (3.4.48)

v
M

v
M 1, −ψψ :

Mu
M B3=ψ (3.4.49)

1
33

1
31 2

1 +−
− +−= MMMu

M BBBψ (3.4.50)

  wvuaa
j

a
i ,,,, =ψϕ

,0=x ,ax = ,0=y by = . 
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3.5   

, 

. 

(2.4.1). 

, (2.4.3). 

-

, -

  

. 

(2.4.1)

u , v , w . 

(2.4.1)

, 

B - . 

B - 3( 1, 1)iB j N= − + , 3 ( 1, 1)jB j M= − +

axxx N =<<<= ...0 10 byyy M =<<<= ...0 10

0=x , ax = , 0=y , by = .. 

-

3( 1, 1)iB j N= − + , 3 ( 1, 1)jB j M= − +

  ( , ), 0, , 0,k p k N p Mξ η = =   3
iB , 3

jB   

  . 
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3( )i
xB s , 3 ( )j

yB s   

)(),( yx a
j

a
i ψϕ , , ,a u v w= . 

, ],[ 1+kk ss

1
3

−kB , kB3 , 1
3

+kB , 2
3

+kB , 

. 

)(),( yx a
j

a
i ψϕ , , ,a u v w=

],[1 uu
u AA ψϕ= , ],[

2

2

2 u
uu

x
AA ψϕ

∂
∂

= , ],[
2

2

3 y
AA u

u
u

∂
∂

=
ψϕ ,   

],[4 yx
AA vvu

∂
∂

∂
∂

=
ψϕ

, ],[5 w
wu

x
AA ψϕ

∂
∂

=  , ],[1 vv
v AA ψϕ= ,   ],[

2

2

2 v
vv

x
AA ψϕ

∂
∂

= ,   ],[
2

2

3 y
AA v

v
v

∂
∂

=
ψϕ ,   

],[4 yx
AA uuv

∂
∂

∂
∂

=
ψϕ

, ],[5 y
AA w

w
v

∂
∂

=
ψϕ ,  ],[1 ww

w AA ψϕ= ,   ],[2 u
uw

x
AA ψϕ

∂
∂

= ,   ],[3 y
AA v

v
w

∂
∂

=
ψϕ ,   

],[
2

2

4 w
ww

x
AA ψϕ

∂
∂

= ,    ],[
2

5 y
AA w

w
w

∂
∂

=
ψϕ . 

),( pk ηξ : MpNk pk ..0,,..0, == ηξ

. 

:

,12 += nN 12 += mM .    ],[ 122 +ii xx , ],[ 122 +jj yy 2

, ],[ 2212 ++ ii xx , ],[ 2212 ++ jj yy :

],[],,[ 122121222 +++ ∈∈ iiiiii xxxx ξξ , ],[],,[ 122121222 +++ ∈∈ jjjjjj yyyy ηη . 

: xiixii hsxhsx 2212122 , +=+= +ξξ ,  

yjjyjj hsyhsy 2212122 , +=+= +ηη , mjni ..0,..0 == , 21 , ss   –  

[ ]1,0 , 
6

3

2

1
,

6

3

2

1
21 +=−= ss . 

)(),( 33
yx hOhO .  
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( ) 1

1
aA

−
, , ,a u v w= , , 

.   

. 

-

  (3.3.1)

(3.3.2), (3.3.3). 

(3.3.1) (3.3.2), (3.3.3)

. . 

-

, -

. 

( )

- . 

( )( )12,1,1 +=+= Nmmrzr . 

. 

, 

( ), ( ), ( )u z v z w z , , (3.2.1)

wvu ,, . 

-

, 

, -

, . 
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, -

  

1.

, B - . 

. 

2. , 

B - . 

3.

B - . 

4. , 

B - , 

  

. 

5. , 

B -

, . 

6.

-

. 

. 4. 

, 

. 

, 

, 

. 

, 

, , 
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FORTRAN, 

. 

, 

, -

. 

, 

- . 

, 

-

. 

. 4. -

. 
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3 :

1. -

, 

, 

  

, 

- . 

2.

. 

3.

FORTRAN. 

4.   -

  

. 
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4.    -

4.1

. 

, 2

, -

, , -

. 

. 

1

. 

:  
410

zzh

w
w

σ
⋅= , 

410

zzh

u
u

σ
⋅= , 

410

zzh

v
v

σ
⋅= , 

410

zzh

σσ
σ
⋅= . 

, 

: 3.0=ν . 

a b= = 1, – 1.0=h . 

:

0=X ,   0=Y ,  0=Z                  (4.1.1)
hzz == ,0 :  

0 0 0
1, 0zz zx zy zz zx zyh h h

σ σ σ σ σ σ= = = = = =                         (4.1.2)
1,1,0,0 ==== yxyx . 

:  
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∞

=

∞

=

⋅⋅=
1 1

sincos)(),,(
m n

mn b

yn

a

xm
zuzyxu

ππ

   
            (4.1.3)

∞

=

∞

=

⋅⋅=
1 1

cossin)(),,(
m n

mn b

yn

a

xm
zvzyxv

ππ
               (4.1.4)

∞

=

∞

=

⋅⋅=
1 1

sinsin)(),,(
m n

mn b

yn

a

xm
zwzyxw

ππ
               (4.1.5)

: .1== ba

,m n :

)()()()(
)(

)()()()(
)(

)()()()(
)(

2

22

42

22

3212

2

4

2

32

22

22

22

12

2

4

2

32

22

22

22

12

2

zw
b

n
czw

a

m
czv

b

n
czu

a

m
c

z

zw

zw
b

n
bzu

ab

mn
bzv

a

m
bzv

b

n
b

z

zv

zw
a

m
azv

ab

mn
azu

b

n
azu

a

m
a

z

zu

mnmnmnmn
mn

mnmnmnmn
mn

mnmnmnmn
mn

⋅⋅−⋅⋅−⋅⋅−⋅⋅−=
∂

∂

⋅⋅+⋅⋅−⋅⋅−⋅⋅−=
∂

∂

⋅⋅+⋅⋅−⋅⋅−⋅⋅−=
∂

∂

••

•

•

ππππ

ππππ

ππππ

        (4.1.6)

0=z :

0)
)(

)((

0)
)(

)((

16)(
)()(

44

55

2332313

=
∂

∂+

=
∂

∂+

=
∂

∂+−−

z

zv
zw

b

n
z

zu
zw

a

m
mnz

zw
zv

b

n
zu

a

m

mn
mn

mn
mn

mn
mnmn

πλ

πλ
π

βπβπβ

             (4.1.7)

hz = :

  
0)

)(
)((

0)
)(

)((

0
)(

)()(

44

55

332313

=
∂

∂+

=
∂

∂+

=
∂

∂+−−

z

zv
zw

b

n
z

zu
zw

a

m
z

zw
zv

b

n
zu

a

m

mn
mn

mn
mn

mn
mnmn

πλ

πλ

βπβπβ

             (4.1.8)

(4.1.3) – (4.1.5),   .  

- , 

, 12,10,8 === NNN

( 200,100,50 321 === NNN ). 

, .  

2 100N = .  

                                                                                                                           . 1
-

N,M=10 N,M=12 N,M=8 N,M=10 N,M=12
1N 2N 3N 1N 2N 3N 1N 2N 3N
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1x 45.0203 45.49807 42.00 41.09 41.07 44.415 44.40 44.35 45.12 45.09 45.03
2x 45.1474 45.57635 42.14 42.13 42.13 44.452 44.41 44.37 45.17 45.12 45.07
3x 45.0297 45.50392 41.98 41.95 41.92 44.404 44.37 44.34 45.11 45.08 45.06

   
. 1   w ,    

        10, =MN , 

12, =MN       -         

12,,10,,8, === MNMNMN .  :  

)099.0,5.0,5.0(),05.0,5.0,5.0(),001.0,5.0,5.0( 321 === xxx   

.  

, , , 

, 1%, 

-

. 

2
, 

, , 

. 

, 

: 3.0=ν . 

1, – 1.0=h . 

:

0=X ,   0=Y ,  0=Z                  (4.1.9)
hzz == ,0 :  

0 0 0
1, 0zz zx zy zz zx zyh h h

σ σ σ σ σ σ= = = = = =                     (4.1.10)
1,1,0,0 ==== yxyx . 

, . 2  
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. 2
( , , )w x y z

N,M=8 N,M=10 N,M=12

  

200,10 3 == NN

  

200,20 3 == NN

1x 17.33551 17.58311 17.76958 - -

2x 17.35532 17.51377 17.71866 13.8092 16.43

3x 17.33482 17.57566 17.75352 - -

4x 0.44823 0.52634 0.61329 - -

5x 0.36532 0.40295 0.48821 0.3391 0.65

6x 0.43987 0.47860 0.59832 - -

7x 8.98637 9.67733 10.23932 - -

8x 9.07328 9.79538 10.86523 7.4902 9.41

9x 9.02764 9.64275 10.21996 - -

10x 9.08794 9.90720 10.48476 - -

11x 9.12658 9.98463 10.95763 7.4902 9.41

12x 9.06545 9.88370 10.45970 - -

13x 0.42711 0.54609 0.62452 - -

14x 0.35753 0.393471 0.49573 0.3391 0.65

15x 0.41008 0.47025 0.61673 - -
:

1
( , ,0.5 ( ) ), 0.5, 1,2,3, 0.1, 4,5,6,

3

0.3, 7,8,9, 0.7, 10,11,12, 0.9, 13,14,15

i i i i i

i i i

i
x a a h a i a i

a i a i a i

−= ⋅ ⋅ = = = =

= = = = = =

, 

-

-

. 

3

. 

1a b= = , 

:  3.0=ν , :  
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1=E .                        (4.1.11)

(2.4.1) :

             (4.1.12)

(4.1.11),  

:

1
1

11 ==
E

α ,    1
1

22 ==
E

α ,   1
1

33 ==
E

α ,  3.012 −=−=
E

να ,  3.013 −=−=
E

να ,            (4.1.13)   

3.023 −=−=
E

να ,   6.2
1

44 ==
G

α ,    6.2
1

55 ==
G

α ,    6.2
1

66 ==
G

α .   

:  

2
11 22 33 23 12 12 33 13 23 13 12 23 13 22( ) ( ) ( ) 0.676α α α α α α α α α α α α α αΔ = − − − + − = .

5..1,,, =icba iii (4.1.12), :

2
22 33 23

1 55 3.5a
α α αα −= − = −

Δ                   (4.1.14)

1
66

55
2 −=−=

α
α

a                (4.1.15)

13 23 12 33
3 55

66

1
( ) 2.5a
α α α αα

α
−= − + = −
Δ                 (4.1.16)

4 2.5a = −                    (4.1.17)
6.2555 −=−= αa                         (4.1.18)

2
11 33 13

1 44 3.5b
α α αα −

= − = −
Δ                (4.1.19)

1
66

44
2 −=−=

α
α

b                (4.1.20)

13 23 12 33
3 44

66

1
( ) 2.5b
α α α αα

α
−

= − + = −
Δ                        (4.1.21)

4 2.5b = −                     (4.1.22)
6.2445 −=−= αb                (4.1.23)

55 12 23 13 22 55
1 2

11 22 12

2c
α α α α α α

α α α
Δ + −= − = −

−                         (4.1.24)

44 12 13 11 23 44
2 2

11 22 12

2c
α α α α α α

α α α
Δ + −= − = −

−                 (4.1.25)

+
∂
∂+

∂
∂+

∂∂
∂+

∂∂
∂=

∂
∂

+
∂∂

∂+
∂∂

∂+
∂
∂+

∂
∂=

∂
∂

+
∂∂

∂+
∂∂

∂+
∂
∂+

∂
∂=

∂
∂

Zc
y

w
c

x

w
c

yz

v
c

zx

u
c

z

w

Yb
zy

w
b

yx

u
b

x

v
b

y

v
b

z

v

Xa
zx

w
a

yx

v
a

y

u
a

x

u
a

z

u

52

2

42

2

3

2

2

2

12

2

5

2

4

2

32

2

22

2

12

2

5

2

4

2

32

2

22

2

12

2
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3 2
55 11 22 12

0.2857
( )

c
α α α α

Δ= − = −
−                 (4.1.26)

4 2
44 11 22 12

0.2857
( )

c
α α α α

Δ= − = −
−                 (4.1.27)

5 2
11 22 12

0.7428c
α α α

Δ= − = −
−                   (4.1.28)

(4.1.12) :

           
              

             (4.1.29)

:

zyxX πππ sinsincos ⋅⋅= ,   zyxY πππ sincossin ⋅⋅= ,  zyxZ πππ cossinsin ⋅⋅= .     (4.1.30)
:

0

0

0

cossinsin),,(

sincossin),,(

sinsincos),,(

wzyxzyxw

vzyxzyxv

uzyxzyxu

⋅⋅⋅=
⋅⋅⋅=
⋅⋅⋅=

πππ
πππ
πππ

               (4.1.31)

(4.1.31) (4.1.29), 

:

⋅−
∂
∂⋅−

∂
∂⋅−

∂∂
∂⋅−

∂∂
∂⋅−=

∂
∂

⋅−
∂∂

∂⋅−
∂∂

∂⋅−
∂
∂⋅−

∂
∂⋅−=

∂
∂

⋅−
∂∂

∂⋅−
∂∂

∂⋅−
∂
∂⋅−

∂
∂⋅−=

∂
∂

Z
y

w

x

w

yz

v

zx

u

z

w

Y
zy

w

yx

u

x

v

y

v

z

v

X
zx

w

yx

v

y

u

x

u

z

u

7428.02857.02857.022

6.25.25.215.3

6.25.25.215.3

2

2

2

222

2

2

22

2

2

2

2

2

2

22

2

2

2

2

2

2
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2
0

2
0 2

0

2
0

2
0

2

2
0

3.5 cos sin sin
cos sin sin

cos sin sin

2.5 cos sin sin

2.5 cos sin sin

2.6 cos sin sin

3.5 sin cos
sin cos sin

x y z u
x y z u

x y z u

x y z v

x y z w

x y z

x
x y z v

π π π π
π π π π

π π π π

π π π π

π π π π

π π π
π π π

π π π π

= ⋅ ⋅ ⋅ ⋅ ⋅ +
− ⋅ ⋅ ⋅ ⋅

+ ⋅ ⋅ ⋅ ⋅ +

+ ⋅ ⋅ ⋅ ⋅ ⋅ +

+ ⋅ ⋅ ⋅ ⋅ ⋅ −

− ⋅ ⋅ ⋅
= ⋅ ⋅ ⋅

− ⋅ ⋅ ⋅ ⋅
0

2
0

2
0

2
0

2
0

2
0 2

0

sin

sin cos sin

2.5 sin cos sin

2.5 sin cos sin

2.6 sin cos sin

2 sin sin cos
sin sin cos

2 sin sin cos

0.285

y z v

x y z v

x y z u

x y z w

x y z

x y z u
x y z w

x y z v

π

π π π π

π π π π

π π π π

π π π
π π π π

π π π π
π π π π

⋅ ⋅ +

+ ⋅ ⋅ ⋅ ⋅ +

+ ⋅ ⋅ ⋅ ⋅ ⋅ +

+ ⋅ ⋅ ⋅ ⋅ ⋅ −

− ⋅ ⋅ ⋅
= ⋅ ⋅ ⋅ ⋅ ⋅ +

− ⋅ ⋅ ⋅ ⋅
+ ⋅ ⋅ ⋅ ⋅ ⋅ +

+ 2
0

2
0

7 sin sin cos

0.2857 sin sin cos

0.7428 sin sin cos

x y z w

x y z w

x y z

π π π π

π π π π

π π π

⋅ ⋅ ⋅ ⋅ ⋅ +

+ ⋅ ⋅ ⋅ ⋅ ⋅ −

− ⋅ ⋅ ⋅
                                   

, :

−⋅⋅+⋅⋅+⋅⋅=⋅−

−⋅⋅+⋅⋅+⋅+⋅⋅=⋅−
−⋅⋅+⋅⋅+⋅+⋅⋅=⋅−

7428.05704.022

6.25.25.25.3

6.25.25.25.3

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

wvuw

wuvvv

wvuuu

ππππ

πππππ
πππππ

        (4.1.33)

:

=⋅+⋅+⋅

=⋅+⋅+⋅

=⋅+⋅+⋅

2000

2000

2000

7428.0
225704.1

6.2
5.25.25.5

6.2
5.25.25.5

π

π

π

vuw

wuv

wvu

                     (4.1.34)

:

=⋅
0753.0

2635.0

2635.0

5704.122

5.25.55.2

5.25.25.5

0

0

0

w

v

u

                     (4.1.35)

: 088.00 =u ,  088.00 =v ,  176.00 −=w . 

:
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zyxzyxw

zyxzyxv

zyxzyxu

πππ
πππ
πππ

cossinsin176.0),,(

sincossin088.0),,(

sinsincos088.0),,(

⋅⋅⋅−=
⋅⋅⋅=
⋅⋅⋅=

                  (4.1.36)

( : 10 –

x

y, 21 z)

. 

( - ):

0 0.02348x = ,  1 0.08763x = , 2 0.24570x = , 3 0.30985x = ,  

4 0.46792x = ,  5 0.53207x = ,  6 0.69014x = ,  7 0.75429x = ,  

8 0.91236x = ,  9 0.97651x =

y( - ):

0 0.02348y = ,  1 0.08763y = , 2 0.24570y = , 3 0.30985y = ,  

4 0.46792y = ,  5 0.53207y = ,  6 0.69014y = ,  7 0.75429y = ,  

8 0.91236y = ,  9 0.97651y =

z( ):
0, 0.2, 0.4, 0.6, 0.8, 1

( , , )w x y z

0z = :                                                                                                                                      . 3

0x 1x 2x 3x 4x 5x 6x 7x 8x 9x

0y 0.008 0.032 0.083 0.099 0.119 0.119 0.099 0.083 0.032 0.008
1y 0.032 0.120 0.308 0.365 0.440 0.440 0.365 0.308 0.120 0.032
2y 0.083 0.308 0.791 0.938 1.129 1.129 0.938 0.791 0.308 0.083
3y 0.099 0.365 0.938 1.112 1.338 1.338 1.112 0.938 0.365 0.099
4y 0.119 0.440 1.129 1.338 1.611 1.611 1.338 1.129 0.440 0.119
5y 0.119 0.440 1.129 1.338 1.611 1.611 1.338 1.129 0.440 0.119
6y 0.099 0.365 0.938 1.112 1.338 1.338 1.112 0.938 0.365 0.099
7y 0.083 0.308 0.791 0.938 1.129 1.129 0.938 0.791 0.308 0.083
8y 0.032 0.120 0.308 0.365 0.440 0.440 0.365 0.308 0.120 0.032
9y 0.008 0.032 0.083 0.099 0.119 0.119 0.099 0.083 0.032 0.008

0.2z = :                                                                                                                                   . 4

0x 1x 2x 3x 4x 5x 6x 7x 8x 9x

0y 0.007 0.026 0.067 0.080 0.096 0.096 0.080 0.067 0.026 0.007
1y 0.026 0.097 0.249 0.295 0.356 0.356 0.295 0.249 0.097 0.026
2y 0.067 0.249 0.640 0.759 0.913 0.913 0.759 0.640 0.249 0.067
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3y 0.080 0.295 0.759 0.900 1.083 1.083 0.900 0.759 0.295 0.080
4y 0.096 0.356 0.913 1.083 1.303 1.303 1.083 0.913 0.356 0.096
5y 0.096 0.356 0.913 1.083 1.303 1.303 1.083 0.913 0.356 0.096
6y 0.080 0.295 0.759 0.900 1.083 1.083 0.900 0.759 0.295 0.080
7y 0.067 0.249 0.640 0.759 0.913 0.913 0.759 0.640 0.249 0.067
8y 0.026 0.097 0.249 0.295 0.356 0.356 0.295 0.249 0.097 0.026
9y 0.007 0.026 0.067 0.080 0.096 0.096 0.080 0.067 0.026 0.007

0.4z = :                                                                                                                                . 5

0x 1x 2x 3x 4x 5x 6x 7x 8x 9x

0y 0.002 0.010 0.025 0.030 0.036 0.036 0.030 0.025 0.010 0.002
1y 0.010 0.037 0.095 0.113 0.136 0.136 0.113 0.095 0.037 0.010
2y 0.025 0.095 0.244 0.290 0.349 0.349 0.290 0.244 0.095 0.025
3y 0.030 0.113 0.290 0.343 0.413 0.413 0.343 0.290 0.113 0.030
4y 0.036 0.136 0.349 0.413 0.497 0.497 0.413 0.349 0.136 0.036
5y 0.036 0.136 0.349 0.413 0.497 0.497 0.413 0.349 0.136 0.036
6y 0.030 0.113 0.290 0.343 0.413 0.413 0.343 0.290 0.113 0.030
7y 0.025 0.095 0.244 0.290 0.349 0.349 0.290 0.244 0.095 0.025
8y 0.010 0.037 0.095 0.113 0.136 0.136 0.113 0.095 0.037 0.010
9y 0.002 0.010 0.025 0.030 0.036 0.036 0.030 0.025 0.010 0.002

0.6z = :                                                                                                                                  . 6

0x 1x 2x 3x 4x 5x 6x 7x 8x 9x

0y -0.00 -0.01 -0.025 -0.03 -0.03 -0.03 -0.03 -0.02 -0.01 -0.00
1y -0.01 -0.03 -0.095 -0.11 -0.13 -0.13 -0.11 -0.09 -0.03 -0.01
2y -0.02 -0.09 -0.244 -0.29 -0.34 -0.34 -0.29 -0.24 -0.09 -0.02
3y -0.03 -0.11 -0.290 -0.34 -0.41 -0.41 -0.34 -0.29 -0.11 -0.03
4y -0.03 -0.13 -0.349 -0.41 -0.49 -0.49 -0.41 -0.34 -0.13 -0.03
5y -0.03 -0.13 -0.349 -0.41 -0.49 -0.49 -0.41 -0.34 -0.13 -0.03
6y -0.03 -0.11 -0.290 -0.34 -0.41 -0.41 -0.34 -0.29 -0.11 -0.03
7y -0.02 -0.09 -0.244 -0.29 -0.34 -0.34 -0.29 -0.24 -0.09 -0.02
8y -0.01 -0.03 -0.095 -0.11 -0.13 -0.13 -0.11 -0.09 -0.03 -0.01
9y -0.00 -0.01 -0.025 -0.03 -0.03 -0.03 -0.03 -0.02 -0.01 -0.00

0.8z = :                                                                                                                                   . 7

0x 1x 2x 3x 4x 5x 6x 7x 8x 9x

0y -0.00 -0.02 -0.06 -0.08 -0.09 -0.09 -0.08 -0.06 -0.02 -0.00
1y -0.02 -0.09 -0.24 -0.29 -0.35 -0.35 -0.29 -0.24 -0.09 -0.02
2y -0.06 -0.24 -0.64 -0.75 -0.91 -0.91 -0.75 -0.64 -0.24 -0.06
3y -0.08 -0.29 -0.75 -0.90 -1.08 -1.08 -0.90 -0.75 -0.29 -0.08
4y -0.09 -0.35 -0.91 -1.08 -1.30 -1.30 -1.08 -0.91 -0.35 -0.09
5y -0.09 -0.35 -0.91 -1.08 -1.30 -1.30 -1.08 -0.91 -0.35 -0.09
6y -0.08 -0.29 -0.75 -0.90 -1.08 -1.08 -0.90 -0.75 -0.29 -0.08
7y -0.06 -0.24 -0.64 -0.75 -0.91 -0.91 -0.75 -0.64 -0.24 -0.06
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8y -0.02 -0.09 -0.24 -0.29 -0.35 -0.35 -0.29 -0.24 -0.09 -0.02
9y -0.00 -0.02 -0.06 -0.08 -0.09 -0.09 -0.08 -0.06 -0.02 -0.00

1z = :                                                                                                                                       . 8

0x 1x 2x 3x 4x 5x 6x 7x 8x 9x

0y -0.00 -0.03 -0.08 -0.09 -0.11 -0.11 -0.09 -0.08 -0.03 -0.00
1y -0.03 -0.12 -0.30 -0.36 -0.44 -0.44 -0.36 -0.30 -0.12 -0.03
2y -0.08 -0.30 -0.79 -0.93 -1.12 -1.12 -0.93 -0.79 -0.30 -0.08
3y -0.09 -0.36 -0.93 -1.11 -1.33 -1.33 -1.11 -0.93 -0.36 -0.09
4y -0.11 -0.44 -1.12 -1.33 -1.61 -1.61 -1.33 -1.12 -0.44 -0.11
5y -0.11 -0.44 -1.12 -1.33 -1.61 -1.61 -1.33 -1.12 -0.44 -0.11
6y -0.09 -0.36 -0.93 -1.11 -1.33 -1.33 -1.11 -0.93 -0.36 -0.09
7y -0.08 -0.30 -0.79 -0.93 -1.12 -1.12 -0.93 -0.79 -0.30 -0.08
8y -0.03 -0.12 -0.30 -0.36 -0.44 -0.44 -0.36 -0.30 -0.12 -0.03
9y -0.00 -0.03 -0.08 -0.09 -0.11 -0.11 -0.09 -0.08 -0.03 -0.00

, 

0.4z = :

.5. ( , ,0.4)u x y
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.6. ( , ,0.4)v x y

.7. ( , ,0.4)w x y

, ( , , )u x y z x

y. ( , , )v x y z

y x.  ( , , )w x y z

x y. 
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, 

, -

5 5( , , )ix y z :

. 9

iz . - , N,M=10
0 1.611 1.601
0.2 1.303 1.295
0.4 0.497 0.488
0.6 -0.497 -0.487
0.8 -1.303 -1.295
1 -1.611 -1.601

, , , 

, 

- .  

, 

. 

:

.8.   
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, , 

0.3ν =  , 
1

2 2

x
q = + , 

3

212(1 )

E h
D

qν
⋅=
− . 

:

. 10

b

a
1 1

,
2 2

x y
W

= =
- 10N M= =

1 0.00126 0.001227
1.1 0.00150 0.0014078
1.2 0.00172 0.00157945
1.3 0.00191 0.0017451
1.4 0.00207 0.001921
1.5 0.00220 0.002034

. 

, 

x y. 

. 

  1a b= = 0.1h = . 

1

4
. 

, , 

, 

. 

1 1
[ , ] : (0, ) (0, )

2 2
x y × . , 

.   . 

:
2
1=x
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=
∂
∂

=
∂
∂

=

0

0

0

2

1

2

1

2

1

x

w

x

v

u

               (4.1.37)

, 

(3.4.16), (3.4.17) :

1,
2
1

,1,4,1,0 232221131211 =−==−=== ϕϕϕϕϕϕ ββββββ uuuuuu

         (4.1.38)

wvaaaaaaa ,,1,
2
1

,1,0,1,0 232221131211 ==−===== ϕϕϕϕϕϕ ββββββ

1

2
y = :

=
∂
∂

=
∂
∂

=

0

0

0

2

1

2

1

2

1

y

w

y

u

v

                (4.1.39)

, 

(3.4.16), (3.4.17) :

1,
2
1

,1,4,1,0 232221131211 =−==−=== ψψψψψψ ββββββ vvvvvv

          (4.1.40)

wuaaaaaaa ,,1,
2
1

,1,0,1,0 232221131211 ==−===== ψψψψψψ ββββββ

0,0 == yx

. 

4.2  -

-

. 
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:

0X = ,   0=Y ,  0=Z .                 (4.2.1)

hzz == ,0 :

0,1
000

======
hhh zyzxzzzyzxzz σσσσσσ .                 (4.2.2)

1.0=h , 3.0=ν . 

1E = . 

:

410

zzh

w
w

σ
⋅= , 

410

zzh

u
u

σ
⋅= , 

410

zzh

v
v

σ
⋅= , 

410

zzh

σσ
σ
⋅=

.

1== ba

:

axx == ,0   – , 

byy == ,0 – .  

w .11:

. 11

( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 30.81812 32.56712 33.05388

2x 31.18303 32.73903 33.21935

3x 30.84975 32.59847 33.08623

4x 1.52978 1.57244 1.59723

5x 1.38204 1.43732 1.47329

6x 1.48573 1.50363 1.52738

7x 18.52583 18.68036 18.72643

8x 18.79567 18.88385 18.94547

9x 18.51361 18.65181 18.70457

10x 18.53947 18.73114 18.75239
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11x 18.82884 18.93272 18.98463

12x 18.51794 18.69512 18.73483

13x 1.54708 1.69272 1.74893

14x 1.39171 1.56991 1.61650

15x 1.52833 1.65460 1.71772

, 

w , :

        )       )

.9.   

2

1=
b

a

. 

w :

. 12

( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 27.42064 27.83095 28.14572

2x 27.66072 27.99072 28.27768

3x 27.45630 27.85478 28.16037

4x 1.32783 1.38292 1.40045

5x 1.22547 1.27741 1.29647

6x 1.29742 1.33413 1.35748
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7x 19.22540 19.29739 19.32478

8x 19.34438 19.41389 19.43783

9x 19.19833 19.26367 19.28648

10x 19.22749 19.29683 19.32961

11x 19.34185 19.41402 19.13408

12x 19.19583 19.26462 19.28767

13x 1.33704 1.38199 1.40115

14x 1.22872 1.27658 1.29853

15x 1.29377 1.33418 1.35996

2

1=
b

a
  

:

byax == ,   – , 

0,0 == yx – .  

w :

. 13

( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 48.44676 49.55713 49.88637

2x 48.78501 49.74842 49.92747

3x 48.48334 49.58348 49.89904

4x 1.32839 1.39518 1.42743

5x 1.21390 1.26724 1.29746

6x 1.29838 1.34601 1.39827

7x 25.29932 26.34750 26.97834

8x 25.31839 26.45861 27.08783

9x 25.25348 26.31325 26.96439

10x 44.08239 44.84530 45.12832
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11x 44.75498 45.17424 45.25834

12x 44.02472 44.81697 45.09237

13x 8.77382 9.35827 9.75382

14x 8.85483 9.43951 9.87433

15x 8.75931 9.30239 9.71382

( ), 

w , .10:

.10.   

4

1=
b

a

.   

w :

. 14

( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 33.38798 34.28437 34.80289

2x 33.75456 34.97832 35.03556

3x 33.37907 34.26932 34.76594

4x 3.12689 3.45783 3.56424

5x 3.08716 3.38736 3.44174
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6x 3.11965 3.44191 3.52603

7x 23.58767 24.68412 25.03432

8x 23.64385 24.72981 25.14793

9x 23.57044 24.66721 24.99727

10x 23.58935 24.69056 25.07974

11x 23.64288 24.71843 25.19041

12x 23.57996 24.67977 25.04298

13x 3.13005 3.44985 3.56418

14x 3.09121 3.37908 3.44152

15x 3.12746 3.45006 3.52607

  

,u v :

. 15

( , , )u x y z

N,M=8 N,M=10 N,M=12

1x 0 0 0

2x 0 0 0

3x 0 0 0

4x -2.30439 -2.32091 -2.34817

5x -0.06348 -0.04596 -0.03118

6x 2.28704 2.29279 2.32684

7x -4.13823 -4.17278 -4.23372

8x -0.00583 -0.00359 -0.00172

9x 4.12965 4.16508 4.21728

10x 4.13823 4.17278 4. 23372

11x 0.00583 0.00359 0.00172

12x -4.12965 -4.16508 -4.21728

13x 2.30439 2.32091 2.34817

14x 0.06348 0.04596 0.03118



88

15x -2.28704 -2.29279 -2.32684

. 16

( , , )v x y z

N,M=8 N,M=10 N,M=12

1x 0 0 0

2x 0 0 0

3x 0 0 0

4x -4.24632 -4.56057 -4.61567

5x -0.05829 -0.08637 -0.11688

6x 4.23019 4.49625 4.58576

7x -7.72947 -7.84764 -7.89329

8x -0.00412 -0.00937 -0.01532

9x 7.71902 7.76342 7.85038

10x 7.72947 7.84764 7.89329

11x 0.00412 0.00937 0.01532

12x -7.71902 -7.76342 -7.85038

13x 4.24632 4.56057 4.61567

14x 0.05829 0.08637 0.11688

15x -4.23019 -4.49625 -4.58576

, 

. 

1a b c= = = .

3.0=ν .  1E = . 

hzz == ,0 :

0,1
000

======
hhh zyzxzzzyzxzz σσσσσσ . 

  ( , , )w x y z ( . 15):

. 17



89

( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 0.49163 0.50213 0.51078

2x 0.19643 0.20708 0.21867

3x 0.11124 0.12541 0.13405

4x 0.17107 0.18765 0.19304

5x 0.0244 0.0275 0.0292

6x 0.01504 0.016704 0.017201

7x 0.40548 0.42845 0.44305

8x 0.13601 0.14091 0.15806

9x 0.07680 0.07908 0.08204

10x 0.40548 0.42845 0.44305

11x 0.13601 0.14091 0.15806

12x 0.07680 0.07908 0.08204

13x 0.17107 0.18765 0.19304

14x 0.0244 0.0275 0.0292

15x 0.01504 0.016704 0.017201

. 17, 

( z ). 

( z )

.11. 
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.11. 

, 

( z ) :

0.1h = , 1a = , 1b = .

:

1 1
( , , ), 0,10
2 2 100i

i
x i= =

3.0=ν . 1E = .
0

1zzσ = .

. 18

. 18

( , , )w x y z

1x 17.6666
2x 17.7429
3x 17.8017
4x 17.8419
5x 17.8643
6x 17.8700
7x 17.8573
8x 17.8278
9x 17.7807

10x 17.7157
11x 17.6316

. 11:
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. 12. 

2a = , 1b = . . 19. 

. 19

( , , )w x y z

1x 32.73779
2x 32.83200
3x 32.90396
4x 32.95405
5x 32.98247
6x 32.98930
7x 32.97547
8x 32.94005
9x 32.88296

10x 32.80496
11x 32.70375

. 13:
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.13. 

, , 

. 

.  

:  

)(4444 z

v

y

w
yzyzzy ∂

∂+
∂
∂=== λελσσ

)(5555 z

u

x

w
xzxzzx ∂

∂+
∂
∂=== λελσσ

)(6666 x

v

y

u
xyyxxy ∂

∂+
∂
∂=== λελσσ

               

∂
∂
∂
∂
∂
∂

=

−

z

w
y

v
x

u

zz

yy

xx

1

332313

232212

131211

ααα
ααα
ααα

σ
σ
σ

ijij λα , (2.2.2), (2.2.5). 

:

1, 1, 0.1, 1, 0.3846, 0.3a b h E G ν= = = = = =

1) 0 0 0
1, 0zz zx zy zz zx zyh h h

σ σ σ σ σ σ= = = = = =
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:
. 20

zzσ yzσ yyσ xzσ xyσ xxσ

1x -11.35218 0 -3.31852 0 0 -3.27623
2x 0.49284 0 0.20919 0 0 0.21519
3x 12.34627 0 3.74070 0 0 3.70998

2) 0 0 0
2, 0zz zx zy zz zx zyh h h

σ σ σ σ σ σ= = = = = =
:

     . 21

zzσ yzσ yyσ xzσ xyσ xxσ

1x -22.70463 0 -6.63721 0 0 -6.55256
2x 0.98569 0 0.41838 0 0 0.43038
3x 24.69132 0 7.48089 0 0 7.41942

, . 

, -

. 

:

. 22

( , , )w x y z

1x 2.63874
2x 2.66504
3x 2.61363

:

.14. 
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. 

0=X ,   0=Y , 0=Z .  

hzz == ,0 :   
0 0 0

, 0
h h hzz a zx zy zz zx zyσ σ σ σ σ σ σ= = = = = = .  

:

1 2 3(0.5, 0.5, 0), (0.5, 0.5, 0.05), (0.5, 0.5, 0.1)x x x= = =

:

0.3, 1, 0.3846,E Gν = = =

: 1, 1a b= = . : 1.0=h . 

, 

10M N= = . 

1002 =N . 
410

zzh

w
w

σ
⋅= , 

410

zzh

u
u

σ
⋅= , 

410

zzh

v
v

σ
⋅= , 

410

zzh

σσ
σ
⋅= . 

w :

:
. 23

α
0 0 0( , , )w x y z

1aσ = 2aσ = 3aσ =

1x 17.66666 35.33332 52.99998

2x 17.87009 35.73926 53.60936

3x 17.63165 35.26423 52.89589

:
. 24

α
0 0 0( , , )w x y z

1aσ = 2aσ = 3aσ =

1x 46.38327 92.76656 139.15013

2x 46.78518 93.57062 140.35359

3x 46.34785 92.69569 139.04542
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, , 

. 

4.3 -

, 

0=X ,   0=Y , 0=Z .  

hzz == ,0 :   
0,1

000
======

hhh zyzxzzzyzxzz σσσσσσ . 

, :

1
( , ,0.5 ( ) ), 0.5, 1,2,3, 0.1, 4,5,6,

3

0.3, 7,8,9, 0.7, 10,11,12, 0.9, 13,14,15

i i i i i

i i i

i
x a a h a i a i

a i a i a i

−= ⋅ ⋅ = = = =

= = = = = =
, .  

:

5.7xE = , 1.4yE = , 1.4zE = , 0.277xyν = , 0.068zyν = , 0.4xzν =

: 1, 1a b= = , 1.0=h , . 

, 

12,10,8 ====== NMNMNM

( 200,100,50 321 === NNN ). 

1002 =N . 
410

zzh

w
w

σ
⋅= , 

410

zzh

u
u

σ
⋅= , 

410

zzh

v
v

σ
⋅= , 

410

zzh

σσ
σ
⋅= . 

w :

. 25

( , , )w x y z
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  N,M=8 N,M=10 N,M=12

1x 6.04283 6.11020 6.18986

2x 6.14932 6.20485 6.24187

3x 6.04817 6.11369 6.18507

4x 0.27985 0.28392 0.28803

5x 0.18219 0.20417 0.21065

6x 0.24625 0.25140 0.26908

7x 3.50072 3.52422 3.54775

8x 3.54971 3.56638 3.57904

9x 3.46726 3.48658 3.49201

10x 3.50072 3.52422 3.54775

11x 3.54891 3.56479 3.57872

12x 3.46726 3.48658 3.49201

13x 0.27985 0.28392 0.28803

14x 0.18219 0.20417 0.21065

15x 0.24625 0.25140 0.26908

, . 

: 2, 1a b= = , 1.0=h , . 

w

:

. 26

  
( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 28.01812 29.55655 30.12328

2x 28.72138 30.05652 30.87126

3x 28.00192 29.54052 30.10982

4x 0.53192 0.54013 0.55823

5x 0.37092 0.38495 0.39817

6x 0.51592 0.52717 0.53584

7x 14.75929 14.90057 15.08217

8x 14.87726 15.02594 15.19287

9x 14.72021 14.85650 15.04984

10x 14.75929 14.90057 15.08217

11x 14.80726 15.02594 15.19287

12x 14.72021 14.85650 15.04984

13x 0.53192 0.54013 0.55823
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14x 0.37092 0.38495 0.39817

15x 0.51592 0.52717 0.53584

, . 

2, 1a b= = , 1.0=h .  

axx == ,0 , byy == ,0 –

. 

w

:

. 27

  
( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 38.23189 39.32119 40.21378

2x 38.91221 39.97008 40.92112

3x 23.19822 39.266608 40.18219

4x 1.23823 1.24011 1.24921

5x 1.01219 1.04185 1.06213

6x 1.23381 1.24694 1.25013

7x 21.23832 21.25764 21.26392

8x 21.26429 21.37522 21.38492

9x 21.04231 21.11518 21.20081

10x 21.23832 21.25764 21.26392

11x 21.26429 21.37522 21.38492

12x 21.04231 21.11518 21.20081

13x 1.23823 1.24011 1.24921

14x 1.01219 1.04185 1.06213

15x 1.23381 1.24694 1.25013

, . 

:   2, 1a b= = , 1.0=h .  

0,0 == yx , byax == , –

 . 

w

:

. 28

  
( , , )w x y z

N,M=8 N,M=10 N,M=12



98

1x 43.98127 44.52801 45.21392

2x 44.60213 45.50240 45.90812

3x 44.46127 45.44401 45.82137

4x 6.90133 6.97186 7.06787

5x 7.01823 7.09647 7.20674

6x 6.88027 6.97151 7.07023

7x 37.79108 38.35806 38.95813

8x 38.20437 38.72676 39.45072

9x 37.59346 38.14571 38.73068

10x 18.27438 18.89278 19.02864

11x 17.31230 17.98994 18.18632

12x 16.43292 16.91975 17.39051

13x 0.47732 0.48242 0.48708

14x 0.31902 0.32677 0.33105

15x 0.48203 0.48983 0.49237

, .  

( ):

5.82xE = , 2.18yE = , 0.98zE = , 0.320xyν = , 0.288zyν = , 0.120xzν =

1, 1a b= = , 1.0=h , . 

w :

. 29

  
( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 46.63289 47.12296 47.73228

2x 47.25012 47.74606 48.23928

3x 46.38278 46.77659 47.38239

4x 2.48018 2.56541 2.61293

5x 1.50793 1.55692 1.58021

6x 2.03704 2.10654 2.14238

7x 27.13372 27.90084 28.52138

8x 27.95218 28.43563 28.99716

9x 26.92139 27.51337 28.13712

10x 27.13372 27.90084 28.52138

11x 27.95218 28.43563 28.99716

12x 26.92139 27.51337 28.13712

13x 2.48018 2.56541 2.61293

14x 1.50793 1.55692 1.58021
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15x 2.03704 2.10654 2.14238

, .  

:

16.6xE = , 1.12yE = , 0.58zE = , 0.420xyν = , 0.028zyν = , 0.352xzν =

: 2, 1a b= = , 1.0=h , . 

w

:

. 30

  
( , , )w x y z

N,M=8 N,M=10 N,M=12

1x 270.23089 272.44274 273.32789

2x 271.90123 273.85475 274.32479

3x 269.32921 271.33357 272.42147

4x 12.13239 12.20111 12.25189

5x 10.11340 10.19428 10.23347

6x 10.62832 10.72222 10.80934

7x 153.92388 154.79502 155.01123

8x 154.19218 155.26899 155.72118

9x 151.98272 153.75523 153.97243

10x 153.92386 154.79504 155.01122

11x 154.19217 155.26900 155.72118

12x 151.98273 153.75523 153.97244

13x 12.13240 12.20113 12.25188

14x 10.11341 10.19427 10.23348

15x 10.62832 10.72223 10.80937

u :  

. 31

( , , )u x y z
N,M=8 N,M=10 N,M=12

1x 0 0 0

2x 0 0 0

3x 0 0 0

4x -2.81120 -2.85156 -2.88712

5x -0.00513 -0.00620 -0.00671

6x 2.78129 2.83877 2.86019

7x -9.44910 -9.47147 -9.49213

8x -0.01693 -0.01860 -0.01908
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9x 9.41807 9.45134 9.47284

10x 9.44910 9.47147 9.49213

11x 0.01693 0.01860 0.01908

12x -9.41807 -9.45134 -9.47284

13x 2.81120 2.85156 2.88712

14x 0.00513 0.00620 0.00671

15x -2.78129 -2.83877 -2.86019

v :  
. 32

  

( , , )v x y z
N,M=8 N,M=10 N,M=12

1x 0 0 0

2x 0 0 0

3x 0 0 0

4x -7.81210 -7.85528 -7.87193

5x 0.04081 0.04371 0.04582

6x 7.73803 7.76619 7.78826

7x -25.04875 -25.10972 -25.12328

8x -0.07194 -0.08915 -0.09013

9x 24.93749 24.97367 24.99139

10x 25.04875 25.10972 25.12328

11x 0.07194 0.08915 0.09013

12x -24.93749 -24.97367 -24.99139

13x 7.81210 7.85528 7.87193

14x -0.04081 -0.043715 -0.04582

15x -7.73803 -7.76619 -7.78826

u v 1x , 2x , 3x , 

( , , )u x y z x

y. ( , , )v x y z y

x.   

, , , 

. 
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. 

, . 

:
0

2, 1, 0.1, 1zza b h σ= = = = , .  

. 33. 

. 33

  
( , , )w x y z

N,M=10 N,M=10

1x 272.44274 29.55655

2x 273.85475 30.05652

3x 271.33357 29.54052

4x 12.20111 0.54013

5x 10.19428 0.38495

6x 10.72222 0.52717

7x 154.79502 14.90057

8x 155.26899 15.02594

9x 153.75523 14.85650

10x 154.79504 14.90057

11x 155.26900 15.02594

12x 153.75523 14.85650

13x 12.20113 0.54013

14x 10.19427 0.38495

15x 10.72223 0.52717

. 33., 

. 

4.4 -

. 1a b= = ,  – 0.1h = , 0, 0, 0X Y Z= = = . 
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, – , . 

( ):  
6 6 6 6

6 6

0.359 10 , 0.293 10 , 0,183 10 , 0.076 10 ,

0.066 10 , 0.063 10 , 0.177, 0.371, 0.157

x y z xy

zx yz xy yz zx

E E E G

G G ν ν ν

= ⋅ = ⋅ = ⋅ = ⋅

= ⋅ = ⋅ = = =
    

:

410

zzh

w
w

σ
⋅= , 

410

zzh

u
u

σ
⋅= , 

410

zzh

v
v

σ
⋅= , 

410

zzh

σσ
σ
⋅=

.

0,z z h= = :

0
1zzσ = ,  

0 0
0

h h hzx zy zz zx zyσ σ σ σ σ= = = = =

0, 0, 1, 1x y x y= = = = : –

, – .  

0 0( , , ) ( , , )
2 2 2o

a b h
x y z =

:

. 34

α
0 0 0( , , )w x y z

0 71.72219 185.99822
1 71.72220 185.99962
15 72.10897 191.71531
30 73.18470 205.84760
45 73.67566 210.02677
60 73.18470 205.84760
75 72.10897 191.71531
89 71.72220 185.99962
90 71.72219 185.99822

10, – 100. 

–

45α = . α , , 

, , , 
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. . 34 , 

, . 

  1, 2a b= = : ) 0.1h = , ) 0.05h = . 

. 35

α
0 0 0( , , )w x y z

1, 2, 0.1a b h= = = 1, 2, 0.05a b h= = =
0 120.734239 671.60538
1 120.74464 671.63517
15 124.04376 678.55058
30 132.13894 692.80478
45 140.28923 702.98037
60 143.55473 704.17051
75 141.88651 698.17051
89 140.25664 680.22815
90 140.24704 680.21236

. 35, 

, . 

, ,x y

. :

. 

, 

. 

, w

1(0.3,0.3, )
2

h
p , 2 (0.3,0.7, )

2

h
p , 3 (0.7,0.7, )

2

h
p , 4 (0.7,0.3, )

2

h
p 0.1h =

( . 36) ( . 37). 

. 36

α
0 0 0( , , )w x y z

1p 2p 3p 4p
0 41.77319 41.77319 41.77319 41.77319
1 41.75035 41.80075 41.75035 41.80075

15 41.85154 42.58949 41.85154 42.58949
30 42.43625 43.75318 42.43625 43.75318
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45 42.76678 44.30446 42.76678 44.30446
60 42.43625 43.75318 42.43625 43.75318
75 41.85154 42.58949 41.85154 42.58949
89 41.75035 41.80075 41.75035 41.80075
90 41.77319 41.77319 41.77319 41.77319

. 37

α
0 0 0( , , )w x y z

1p 2p 3p 4p
0 124.39925 124.39925 124.39925 124.39925
1 127.54724 127.66977 127.54724 127.66977

15 131.14083 132.78302 131.14083 132.78302
30 139. 91008 141. 13788 139. 91008 141. 13788
45 142. 23420 143. 93797 142. 23420 143. 93797
60 139. 91008 141. 13788 139. 91008 141. 13788
75 131.14083 132.78302 131.140833 132.78302
89 127.54724 127.66977 127.54724 127.66977
90 124.39925 124.39925 124.39925 124.39925

, 

–

45α = . 1p , 2p , 3p , 4p , 

.36 . 15. 

.15.      
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.15 , α

45 . 

, -

-

. 
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4 :

1.

, 

, 

. 

2.

, , 

-

, 

. 

3. , , 

. 

4.

. 

5.
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5.  -

  

5.1

K , 

( . 17):  

. 17

-

(X, Y, 

Z). 

:
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:

0

0

0

yxxx zx

xy yy zy

yzxz zz

X
x y z

Y
x y z

Z
x y z

σσ σ

σ σ σ

σσ σ

∂∂ ∂+ + + =
∂ ∂ ∂

∂ ∂ ∂
+ + + =

∂ ∂ ∂
∂∂ ∂+ + + =

∂ ∂ ∂

        (5.1.1)

ijσ :

;;; yzzyzxxzyxxy σσσσσσ ===

:

, , , , ,x y z xy yz zx

u v w u v v w w u

x y z y x z y x z
ε ε ε ε ε ε∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= = = = + = + = +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
       (5.1.2)

, 
:

+++++=
+++++=
+++++=
+++++=
+++++=
+++++=

xzyzxyzzyyxxxz

xzyzxyzzyyxxyz

xzyzxyzzyyxxxy

xzyzxyzzyyxxz

xzyzxyzzyyxxy

xzyzxyzzyyxxx

σασασασασασαε
σασασασασασαε
σασασασασασαε
σασασασασασαε
σασασασασασαε
σασασασασασαε

665646362616

565545352515

464544342414

363534332313

262524232212

161514131211

               (5.1.3)

, (5.1.3)

. , 

, 

constz = .  

,  

:

+=
+=

+++=
+++=
+++=
+++=

xzyzxz

xzyzyz

xyzzyyxxxy

xyzzyyxxz

xyzzyyxxy

xyzzyyxxx

σασαε
σασαε

σασασασαε
σασασασαε
σασασασαε
σασασασαε

6656

5655

44342414

34332313

24232212

14131211

                  (5.1.4)

ijα :
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xE

1
11 =α ,  

y

xy

x

yx

EE

νν
α −=−=12 ,  

x

zx

z

xz

EE

ννα −=−=13 , 
xy

xyx

x

xxy

GE
,,

14

ηη
α −=−= , 

yE

1
22 =α ,  

z

yz

y

zy

EE

νν
α −=−=23 , 

xy

xyy

y

yxy

GE
,,

24

ηη
α −=−= , 

zE

1
33 =α ,  

xy

xyz

z

zxy

GE
,,

34

ηη
α −=−= ,       (5.1.5)

xyG

1
44 =α , 

yzG

1
55 =α , 

xz

zxyz

yz

yzzx

GG
,,

56

μμ
α −=−= , 

xzG

1
66 =α . 

:

xE , yE , zE   – x , y , z ;

xyxzyz GGG ,,   –  , 

constx = , consty = , constz = ;  yxν , yxν , yxν , yxν , yxν , yxν   –

, 

;  yzzx ,μ ,  zxyz ,μ –  , 

, , 

, , 

;  xxy ,η , yxy ,η , zxy ,η   –

, , 

;   xyx ,η , xyy ,η , xyz ,η   –  

, , 

. 

(5.1.1),(5.1.2),(5.1.4)

, -

:

2 2 2 2 2 2 2 2 2

1 2 3 4 5 6 7 8 9 102 2 2 2 2

u u u u v v v w w
a a a a a a a a a X a Y

z x x y y x x y y z y z x
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= + + + + + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

2 2 2 2 2 2 2 2 2

1 2 3 4 5 6 7 8 9 102 2 2 2 2

v u u u v v v w w
b b b b b b b b b X b Y

z x x y y x x y y z y z x
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= + + + + + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   
            (5.1.6)
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2 2 2 2 2 2 2 2

1 2 3 4 5 6 7 82 2 2

w u u v v w w w
c c c c c c c c Z

z x z y z x z y z x y x y

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= + + + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

, ,i i ia b c (5.1.6)

(5.1.5).

α OZ . 

ija '
ija

:

' 4 2 2 4 2 2
11 11 12 22 66

' 4 4 2 2 2 2
22 11 22 66 12

'
33 33

' 2 2
44 44 55

' 2 2
55 44 55

' 2 2 2 2
66 11 22 12 66

cos 2cos sin sin sin cos

sin cos sin cos 2 sin cos

cos sin

sin cos

( 2 )4cos sin (cos sin

a a a a a

a a a a a

a a

a a a

a a a

a a a a a

α α α α α α
α α α α α α

α α
α α

α α α α

= + + +

= + + +

=

= +

= +

= + − + − 2

' 2 2 4 4
12 11 22 66 12

' 2 2
13 13 23

'
14

'
15

' 2 2 2 2
16 22 11 66 12

' 2 2
23 13 23

'
24

'
25

' 2 2
26 22 11

)

( )sin cos (sin cos )

cos sin

0

0

[2( sin cos ) ( 2 )(cos sin )]sin cos

sin cos

0

0

[2( cos sin )

a a a a a

a a a

a

a

a a a a a

a a a

a

a

a a a

α α α α
α α

α α α α α α
α α

α α

= + − + +

= +

=

=

= − + + −

= +

=

=

= − 2 2
66 12

'
34

'
35

'
36 23 13

'
45 44 55

'
46

'
56

( 2 )(cos sin )]sin cos

0

0

2( )sin cos

( )sin cos

0

0

a a

a

a

a a a

a a a

a

a

α α α α

α α
α α

− + −

=

=

= −

= −

=

=

  (5.1.7)
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α , , ija

. 

  (5.1.6) (5.1.8):

=

=

=

+×+×=

+×+×=

+×+×=

)1()1(..1

)1()1(..1

)1()1(..1

)()()(),,(

)()()(),,(

)()()(),,(

MNKi

ww
i

MNKi

vv
i

MNKi

uu
i

yxzwzyxw

yxzvzyxv

yxzuzyxu

ii

ii

ii

ψϕ

ψϕ

ψϕ

               

                           
(5.1.8)

: MN , - .  

K - [1]. 

(5.1.6)

, (3.4)

5.2

z   

, -

, :

( ), ( ), ( )x y zE z E z E z –  , ,x y z . 

( ), ( ), ( )yz xz xyG z G z G z   – ,          

0, 0, 0x y z= = = . 

:

11 11 22 22 33 33

12 12 13 13 23 23

44 44 55 55 66 66

( ); ( ); ( );

( ); ( ); ( );

( ); ( ); ( );

z z z

z z z

z z z

α α α α α α
α α α α α α
α α α α α α

= = =
= = =
= = =

               

                    (5.2.1)
  

, -
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z    

:

2 2 2 2 2

1 2 3 4 52 2 2

2 2 2 2 2

1 2 3 4 52 2 2

2 2 2 2 2

1 2 3 4 52 2 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

u u u v w
a z a z a z a z a z X

z x y x y x z

v v v u w
b z b z b z b z b z Y

z y x x y y z

w u v w w
c z c z c z c z c z Z

z x z z y x y

∂ ∂ ∂ ∂ ∂= + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂= + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂= + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂

        (5.2.2)          

( ), ( ), ( ), 1..5i i ia z b z c z i =

  
( )ij zα , (5.2.1). 

, , 

(5.2.2)

:
( , , ), ( , , ), ( , , ), 1..5i i ia x y z b x y z c x y z i = .

5.3

. T. 

XYZ. , 

( )

( , 

. .). 
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.18

5.4

T

, XOY, XOZ, YOZ , 

),,( ppp zyxp : 0,0,0 ≥≥≥ ppp zyx [ . 18]. 

. 

, XOY. 

[ . 17]. 

K (5.1.6), (3.4.2), 

(3.4.18), (3.4.26).  iK

(5.4.1):

111111 ,,,,, ++++++ −=====−= iiiiiiiiiiii wwvvuu
xzxzzyzyzzzz

σσσσσσ           (5.4.1)

(5.1.8) :
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)1)(1(6dim
1

++=
=

MNKA
R

i i               (5.4.2)

: R – T, iK -

i − , MN , - -

. 

[1]. 
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5 :

1. -

  

. 

2.

, 

. 

3. . 
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, 

-
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, 

, 

. 

:

1.

, -

. 

2.

, -

. 

3. , 

, , 

, 

. 
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4.
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. 

5.

, , 
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, 

. 
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  . 

6. , 

-

, 

. 
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